In this work, we establish some coincidence and common point theorems for a pair of rational type contractions in quasi-symmetric spaces.
Introduction and preliminaries
It is significant that the prominent contraction principle is a remarkable outcome in fixed point area which has been utilized broadly in numerous fields. In cutting edge years many authors have talked about various ideas of generalized metric spaces, quasi metric, dislocated metric, dislocated quasi metric, symmetric space and quasi-symmetric space (see, Hitzler, 2001; Kumari, 2012; Sarma & Kumari, 2012; Schroeder, 1999; Shen & Lu, 2010) in different ways. It was not immediately observed that such spaces may fail to satisfy properties of metric spaces such as a unique limit of convergence sequence, every convergent sequence is a Cauchy sequence and other things. Hence, in some of last papers, the authors implicitly used some of properties of metric spaces, so that their results were inaccurate. One of generalized metric spaces which will be under consideration in this paper is quasi-symmetric spaces. It is worth to mention that the notion of quasisymmetric spaces and their topological aspects are introduced by Sumati Kumari, Ramana, and Zoto (2014) .
PUBLIC INTEREST STATEMENT
The theory of fixed point is one of the extreme important tools to the study of nonlinear phenomena. Fixed point theory has been applied in such diverse fields as Differential Equations, Topology, Functional Analysis, Economics, Biology, Physics, Engineering, Game Theory, Chemistry, Dynamics and Optimal Control. Many of the most important nonlinear problems of applied Mathematics minimize to solving a given equation which in turn may be reduced to finding the fixed points in certain space. Furthermore, metric spaces and contractive conditions naturally arise for several of these problems. we investigate the fixed points of a new generalization of metric spaces called quasi-symmetric spaces in order to extend the theory of fixed points due to Banach and introduce a new fixed point result in the space of quasi-symmetric spaces.
In this paper, we introduce coincidence point theorems for two contraction self-mappings of rational type in quasi-symmetric spaces. Our results generalize the results due to Almeida, RoldanLopez-de-Hierro and Sadarangani (2015) .
Next, we present some preliminaries and notations related to symmetric spaces and rational type contraction.
Definition 1.1 (Hicks & Rhoades, 1999) Suppose that X be a nonempty set and S:X × X → [0, ∞) be a distance function such that:
for all x, y ∈ X.
We mean by a pair (X, S) with a symmetric space. Kumari et al., 2014) Suppose that X be a nonempty set and q s :X × X → [0, ∞) be a distance function such that:
Definition 1.2 (Sumati
We mean by a pair (X, q s ) with a quasi-symmetric space.
Example 1.1 (Sumati Kumari et al., 2014) For any nonempty set X and any q s :X × X → [0, ∞) such that Then q s is quasi-symmetric on X. Example 1.2 (Sumati Kumari et al., 2014 ) q s (x, y) = |x| + y 2 , for all x, y ∈ R (the set of all real numbers). Then (R, q s ) is quasi-symmetric but not symmetric. Kumari et al., 2014) Let (X, q s ) be a quasi-symmetric space.
Definition 1.3 (Sumati
(1) A sequence {x n } in X converges to a point
the set of all natural numbers).
(3) (X, q s ) is q s -complete if for every q s -Cauchy sequence {x n }, there exists x in X with lim
We need the following properties in a quasi-symmetric space (X, q s ).
Definition 1.4 (Rosa & Vetro, 2014) Let A, B:X → X and :X × X → [0, ∞). The mapping A is B − -admissible if, for all x, y → X such that (Bx, By) > 1, we have (Ax, Ay) > 1. If B is the identity mapping, then A is called -admissible.
Definition 1.5 (Rosa & Vetro, 2014) Let (X, q s ) be a symmetric space and :
Definition 1.6 (Rosa & Vetro, 2014) Let f 1 , f 2 :X → X two mappings defined on a nonempty set X. We say that f 1 , f 2 weakly compatible if they commute at their coincidence points (i.e.
Main results
In this section we introduce some coincidence point results for two rational contraction self-mappings on symmetric spaces.
).
). Then the proof is obtained. 
Then f 1 and f 2 have a unique point of coincidence in X. Moreover if f 1 and f 2 are weakly compatible, then f 1 and f 2 have a unique common fixed point.
Proof Let x 0 ∈ X be an arbitrary point. Define the sequence {x n } and {z n } in X defined by
.
If z n = z n+1 , then z n+1 is a point of coincidence of f 1 and f 2 . Consequently, we can suppose that z n ≠ z n+1 for all n ∈ N. Now, by (1), we have where we consider the following cases
from (2) we obtain Hence that is (4) holds.
Similarly, one can get that (2) we get and similarly one can get that which is impossible.
In any case, we proved that (4) holds. Since {q s (z n , z n+1 )} is decreasing and bounded from below. Hence, it converges to a nonnegative number, c ≥ 0. If c > 0, then letting n → +∞ in (2), we deduce which implies that c = 0, that is (2) ) we obtain that which implies that {z n } is q s -Cauchy sequence. Since (f 2 X, q s ) is q s -complete, there exists z ∈ f 2 X such that lim n→∞ z n = z. Let u ∈ X be such that f 2 u = z, applying (1) and using the (1C q s ) we get where From (5) and its similarity we obtain that q s (f 2 u, f 1 u) = q s (f 1 u, f 2 u) = 0, that is, z = f 2 u = f 1 u and so z is a coincidence point for f 1 and f 2 .
Now, we prove that z is the unique point of coincidence of f 1 and f 2 . Let x and y be arbitrary points of coincidence of f 1 and f 2 such that x = f 1 u = f 2 u and y = f 1 v = f 2 v. Using the condition (1), it follows that similarly one can obtain that which implies that x = y and f 1 , f 2 have a unique point of coincidence.
Next, we prove that z = f 1 z = f 2 z. If z is the coincidence point of f 1 and f 2 as f 1 and f 2 weakly compatible, we obtain that
Consequently, z is unique common fixed point of f 1 and f 2 . where a 1 , a 2 , a 3 , C ≥ 0, and a 1 + a 2 + a 3 < 1.
Corollary 2.2 Putting f 2 = I (the identity mapping) in Theorem 2.1. Then one can get a unique fixed point of f 1 .
Remark 2.1 (Almeida et al., 2015 , Theorem 7) Is special case of Theorem 2.1.
Next, we introduce some coincidence point theorems for two ( , , )-contractions self-mappings of rational type in q s -complete quasi-symmetric spaces. where M(x, y) as in Theorem 2.1, f 1 X ⊂ f 2 X, and (f 2 X, q s ) is a q s -complete Consider also that the next conditions hold: Then f 1 and f 2 have a unique point of coincidence in X. Moreover if f 1 and f 2 are weakly compatible, then f 1 and f 2 have a unique common fixed point.
Proof
Suppose that x 0 ∈ X, (f 2 x 0 , f 1 x 0 ) ≥ 1. Define {z n } and {x n } be two sequences in X such that z n = f 2 x n+1 = f 1 x n , n = 0, 1, 2, 3, … . If z n = z n+1 , then f 2 x n+1 = f 1 x n+1 which implies that x n+1 is a coincidence point of f 1 and f 2 . Consequently, we can suppose that z n ≠ z n+1 for all n ∈ N. From (i), we
Continuous with this process we obtain that (f 2 x n , f 2 x n+1 ) ≥ 1. Now, by using (7), we get where (6)
we consider the following cases
Since is nondecreasing we have Similarly, one can have
from (9) we obtain
The nondecreasing property of implies that Similarly, we have Hence, (10) and (11) are obtained.
• If M(x n , x n+1 ) = q s (z n , z n+1 )). By (9) we obtain this is a contradiction.
In any case, we proved that (10) and (11) hold. Since {q s (z n , z n+1 )} is decreasing and bounded from below. Hence, it converges to a nonnegative number, c ≥ 0. If c > 0, then letting n → +∞ in (9), we deduce.
which leads to contradiction. Hence, c = 0, that is Also, one can get that
) we get that {z n } is a q s -Cauchy sequence. Since (f 2 X, d) is q s -complete, there exists z ∈ f 2 X such that lim n→∞ z n = z. Let w ∈ X be such that f 2 u = z, applying (8) we have
We get from (13) and (15) that which implies a contradiction, then q s (f 2 u, f 1 u) = q s (f 1 u, f 2 u) = 0, that is, z = f 2 u = f 1 u and so z is a coincidence point for f 1 and f 2 .
Now, we prove that z is the unique point of coincidence of f 1 and f 2 . Let x and y be arbitrary coincidence points of f 1 and f 2 such that x = f 1 u = f 2 u and y = f 1 v = f 2 v. Using the condition (7), it follows that hence, we have q s (x, y) = q s (x, y) = 0. Thus, x = y and f 1 , f 2 have a unique coincidence point.
As in the conclusion in last paragraph of the proof of Theorem 2.1 and the weakly compatible property of f 1 and f 2 , we obtain that f 1 and f 2 is unique common fixed point. ) and (1C q s ) are satisfied.
Definition 2.2 Assume that X be a nonempty set and S:X × X → [0, ∞) be a distance function satisfy the conditions (i) and (ii) in Definition 2.1. Then (X, S) is called symmetric generalized metric spaces (S.G.M.S, for short). 
